In this work, we consider a probability representation of quantum dynamics for finite-dimensional quantum systems using pseudo-stochastic maps acting on probability distributions obtained via symmetric informationally complete positive operator-valued measure (SIC-POVM). These true probability distributions that fully describe quantum states can be directly accessible in an experiment. We provide stochastic representation both for unitary evolution of the density matrix governed by the von Neumann equation and dissipative evolution governed by Markovian master equation. Finally, we reconstruct experimentally a pseudo-stochastic matrix of a single-qubit gate on the IBM quantum processor. Within performing the experiment we develop a method of employing SIC-POVM measurements, which allows eliminating read-out errors inherent to single-qubit projective measurements. This forms a link between our results on the representation of quantum channels using pseudo-stochastic maps and practical tasks of improving the accuracy of the reconstruction of quantum states and channels in existing quantum devices.
I. INTRODUCTION
Quantum technologies require an efficient toolbox for synthesis, control, and characterization of the quantum states and processes [1] . The task of characterizing quantum states has quite a rich history of attempts to describe quantum systems with the use of standard methods of statistical physics, such as phase-space probability distributions [2] [3] [4] [5] . A quantum analog of classical phase space probability distributions, known as the Wigner function, cannot be fully interpreted as a probability distribution because it takes negative values in some cases [2, 6, 7] . The negativity of the Wigner quasiprobability distribution plays an important role in the modern quantum theory since this effect is a signature of the highly nonclassical character of a quantum state. In particular, it was demonstrated that negativity and contextuality are equivalent notions of nonclassicality [8] . The negativity of the Wigner function has been largely studied for quantum information processing both for systems with continuous [6] and discrete variables [9] [10] [11] [12] [13] [14] . Recent progress in quantum information science has shined a new light on the role of properties of quasiprobability distribution in the context of verifying quantum resources that provide quantum speed-up [15] [16] [17] [18] [19] [20] [21] .
An approach of the description of quantum phenomena using the language of probability distributions [22] [23] [24] [25] has been extended by the concept of informationally complete POVMs (IC-POVMs) and SIC-POVMs that are based on measurements completely describing quantum states [26] [27] [28] . In this case, quantum states are associated with probabilities related to a specific set of vectors in the Hilbert space, which is composed of so-called SIC projectors. It is important to note that in the SIC approach, the probability distributions describing quan- Figure 1 . General relation between the set of SIC-POVM probability distributions, general classical probability distributions of the same dimension, and maps which keep distributions in a particular set. The set of SIC-POVM probability distributions, so-called Hilbert qplex [32] , is smaller than the full probability distribution set, while the set of possible maps turning SIC-POVM probabilities into SIC-POVM probabilities (known to be a pseudo-stochastic) is wider than the set of classical stochastic maps. Points and arrows demonstrate actions of pseudo-stochastic (stochastic) maps on SIC-POVM (classical) probability distributions.
tum states contain no redundant information, i.e., the number of probabilities is minimum possible for reconstructing all density-matrix elements. We note that analytic proofs of SIC existence have only been found in a number of cases [29] . The approach of describing quantum states with SIC-POVM probability distributions has been widely explored in quantum Bayesianism (QBism) reformulation of quantum mechanics [30, 31] . Importantly, it turns out that the set of possible probability distributions obtained with SIC-POVM measurements is smaller than the full probability distributions set of the same dimension. This 'quantum' part of a classical probability simplex, which is achievable via SIC-POVM measurements, is referred as a 'qplex' [32] . An important arXiv:1908.03404v1 [quant-ph] 9 Aug 2019 result of Ref. [32] is the derivation of the properties of qplexes from the very fundamental assumptions about quantum theory as well as the description of a link between the symmetry properties of qplexes and a condition for the existence of a d-dimensional SIC-POVM.
The representation of quantum states with the use of quasi-probability distributions can be further generalized to the representation of quantum processes (channels) with the use of quasi-stochastic matrices [33] [34] [35] [36] . In contrast to traditionally used stochastic matrices, which describe the evolution of classical probability distributions, quasi-stochastic matrices can posses negative elements. In Ref. [34] , a functorial embedding of the quantum channels category into the category of quasi-stochastic matrices has been provided. Thus, the formalism of quasistochastic matrices can serve as an alternative formulation of the quantum theory and looks promising in the framework of quantum resources analysis. This apparatus, however, has not been consistently applied to quantum information processing tasks yet.
In this work, we focus on the dynamics of probability distributions obtained in SIC-POVM measurements. In line with Ref. [35, 36] , we refer to the resulting matrices (maps), which define the evolution of SIC-POVM probability distributions as pseudo-stochastic rather than quasi-stochastic ones. This is because these matrices correspond to the evolution of true experimentally accessible probabilities rather then quasi-probabilities. As it was mentioned, pseudo-stochastic matrices are an analog of conditional probability matrices without restrictions of positivity for matrix elements (see Fig. 1 ). We derive a dynamics equation for a SIC-POVM probability vector, which corresponds to the von Neumann equation and dissipative evolution governed by Markovian master equation, and demonstrate that for a d-dimensional quantum systems it is given by a first-order matrix ordinary differential equation defined by d 2 × d 2 -dimensional real-value antisymmetric matrix, corresponding to the system Hamiltonian. We show that there is a linear subspace in the space of real antisymmetric matrices which corresponds to equations of quantum dynamics, and a solution of the suggested dynamics equation is given by unitary pseudo-bistochastic operators preserving both the l 1 and l 2 norms. Although this result seems quite far from practice, we demonstrate that such a description of quantum processes can be used for improving the accuracy of quantum tomography protocols. For the single-qubit case, we reconstruct a pseudo-stochastic matrix of the quantum gate acting at the cloud IBM QX4 quantum processor [37] . We also demonstrate how SIC-POVM measurements allow one to reduce the influence of noise in experimental data on tomographic measurements of quantum states and processes.
Our work is organized as follows. In Sec. II, we present a general scheme for the SIC-POVM probability representation of states and measurements. In Sec. III, we derive an equation for a SIC-POVM probability vector which corresponds to the von Neumann equation and the Markovian master equation. In Sec. IV, we reconstruct a pseudo-stochastic matrix of the single-qubit gate acting on IBM Q4 superconducting quantum processor and demonstrate how the obtained theoretical result can help to improve the accuracy of quantum tomography protocols. We summarize main results and conclude in Sec. V.
II. PROBABILITY REPRESENTATION OF STATES, MEASUREMENTS AND LINEAR MAPS
We start our consideration by introducing SIC-POVM effects, which can be used in the construction of probability representation of states and measurements for finitedimensional systems. Consider a d-dimensional Hilbert space H with d ≥ 2. In what follows we assume that it is possible to find out a set of
belonging to H such that
where Π i := |ψ i ψ i | and δ ij stands for the Kronecker symbol. We note that the set
forms a basis in the space L(H) of linear operators acting on H.
The set
is called a SIC-POVM. By its definition we have:
where 1 denotes identity operator. At this moment, there are analytic proof of SIC-POVM existence was found for d = 2-24, 28, 30, 31, 35, 37, 39, 43, 48, 124 [29] . There is also significant progress in finding high-precision numerical approximations for other dimensions [38] .
A. Representation of states
Let us consider a quantum state given by a unittrace semi-positive Hermitian density operator ρ ∈ L(H) (ρ ≥ 0, Trρ = 1). The probability of obtaining an ith outcome corresponding to the effect Π i /d after SIC-POVM measurement is given by
Let us write these probabilities in the form of vector
which we further refer to as a SIC-POVM probability vector.
The density matrix ρ can be reconstructed back from the SIC-POVM probability vector in the following way:
where
We mention the following useful property of K i :
It is also useful to introduce a vectorized representation of linear operators. Let {|i } be an orthonormal basis in H and A ∈ L(H) is some linear operator. We can write
where A ij = i|A|j are matrix elements of A in the {|i } representation. Next, we refer to
as the 'ket' vector representation of A. In a similar way, we can introduce an adjoint 'bra' vector representation as follows:
It is easy to check that for any two operators A, B ∈ L(H), their Hilbert-Schmidt product takes the following form:
Let A, B, U, V ∈ L(H). It is also easy to check that the identity B = U AV † corresponds to the following identities in the vector representation:
Using the introduced vectorized representation, one can rewrite Eq. (5) in the following form:
Thus, the linear transformation K defines the map from the SIC-POVM probability vector p to the vectorized representation of the density matrix ρ. Using Eq. (3) we obtain the inverse matrix K −1 given by
We also note the following correspondence between the Hilbert-Schmidt product of states and dot-product of SIC-POVM probability vectors. Let ρ and σ be two arbitrary density matrices, and p and s be their corresponding SIC-POVM probability vectors. One can check the following equality:
where the minimum is achieved for two orthogonal states ρ and σ, while the maximum is achieved for s = p and a pure state ρ = σ = |ψ ψ|.
As it was already mentioned in Introduction, the set of possible SIC-POVM probability vectors is smaller than the full set of all possible d 2 -dimensional probability vectors. This fact can be easily verified by noticing that the maximum probability in the SIC-POVM probability vector can not exceed the value d −1 due to the structure of SIC-POVM effects. We refer readers to Ref. [32] , where properties of the SIC-POVM probability vectors set (qplex) are studied in detail.
In Appendix A, we provide a relation between the considered SIC-POVM probability representation and an alternative probability representation based on mutually unbiased measurements (MUB) in the case of d = 2.
B. Representation of measurements
Let us now consider a question how the SIC-POVM probability vectors determine the probabilities for arbitrary measurements.
Consider a POVM E = {E 1 , . . . , E m } with E i ≥ 0 and i E i = 1. Let us introduce an m-dimensional vector q := q 1 . . . q m T with elements given by probabilities of obtaining different outcomes in measuring E for some state ρ:
The relation between the SIC-POVM probability vector p (corresponding to ρ) and a new probability vector q for an arbitrary measurement can be obtained using Eq. (5):
is m×d 2 matrix with elements given by m ij = Tr(E i Π j ). The matrix m is a stochastic rectangular matrix, that is, it satisfies the following properties:
We note that m appears to be bistochastic, that is it rows also sum up to 1, in the case where m = d 2 and
It may be the case when {E i } is also a SIC-POVM.
It easy to check from Eq. (19) that the matrix M is pseudo-stochastic, that is, the sum of its elements in each column equals to unity:
however some elements M ij may be negative. It may be the case when E i is proportional to the projector on the state orthogonal to some |ψ j . Then we obtain M ij = −TrE j < 0.
C. Representation of linear maps as pseudo-stochastic matrices
Here we consider a representation of positive trace-preserving (PTP) and completely positive tracepreserving (CPTP) maps acting on quantum states in the SIC-POVM framework.
First, consider a PTP linear map
where H in and H out are d in -and d out -dimensional Hilbert spaces, correspondingly. Being a PTP map Φ transforms density operators in H in into density operators in H out , so we can consider a action of Φ on some input state ρ in resulting in output state ρ out as follows:
Let
i=1 be SIC-POVM projectors in H in and H out , respectively. Let p in and p out be SIC-POVM probability vectors corresponding to ρ in and ρ out . Simple algebra leads to
and 1 in is the identity operator acting in H in . One can see that s is a stochastic matrix: i s ij = 1, s ij ≥ 0, while S ij is pseudo-stochastic one: i S ij = 1 with some elements may be negative.
If Φ is also unital, that is, Φ(1 in ) = 1 out , then s is bistochastic and the formula (25) reduces to
The examples of PTP maps for the qubit case (d = 2) are presented in the Appendix B. Let now Φ be a CPTP map that is representing a quantum channel. Any such map gives rise to a Kraus representation
In this case Eq. (25) may be rewritten as follows:
with
Again, s is a stochastic matrix, while S is a pseudostochastic. Let us observe that we can define S in another way. Let us rewrite Eq. (28) in the vectorized form:
Consequently, we obtain
where K out and K in are defined via Eq. (13), which is related to the corresponding SIC-POVM elements. Finally, we have the following equation for the pseudo-stochastic matrix S:
We can also define Φ as the Choi state of the following form:
The vectorized version of the Choi state then reads
In this form the output state can be calculated in the following way:
By comparing this result with Eq. (31), we obtain
and
It is important to note that Φ is CPTP map if and only if ρ Φ ≥ 0 and Tr Hin ρ Φ = 1/d in . These requirements allow one to check whether a given pseudo-stochastic matrix S corresponds to any CPTP map.
III. DYNAMICS OF SIC-POVM PROBABILITY VECTORS
Here we study the dynamics of the SIC-POVM probability vector p. For this purpose, we analyze (i) the representation for dynamical equation for p corresponding to the unitary evolution of the density matrix governed by the von Neumann equation, (ii) the representation for unitary operators as the solution of dynamical equations, and (iii) the representation for dissipative evolution for p corresponding to Markovian master equation. We place the summary of results of each following subsection in Table I .
A. Stochastic representation of the von Neumann equation
Consider a standard von Neumann evolution equation
where [·, ·] stands for commutator, i 2 = −1,ρ is the time derivative of the state ρ, H = H † is the system Hamiltonian, and is the Plank constant. In the general case, the Hamiltonian H may depend on time t. In what follows we use dimensionless units and set := 1.
To make a transition from the density matrix ρ to the corresponding SIC-POVM probability vector p we multiply both sides of Eq. (39) by Π i and take the trace. Thus, we obtain
Taking into account Eq. (6), the LHS of Eq. (40) can be rewritten as follows:
The RHS of Eq. (40) can be written in the following way:
. (42) By combining Eq. (41) and Eq. (42), we obtaiṅ
where H is a d 2 × d 2 matrix with elements given by
One can see that the elements of H can be also rewritten as
where [·] stands for the imaginary part. Let us also consider an alternative approach to obtaining the form of H. We can write the von Neumann equation (39) in the vectorised form:
Then by taking into account Eq. (12), we have
Comparing this result with Eq. (43), we obtain the following representation:
The matrix H in the form given by Eq. (45) has a number of important properties.
1. H is real and antisymmetric:
2. Diagonal elements and trace of H are zero:
3. Each row and column of H summing to 0:
(here we employed the fact that i |ψ i ψ i | = 1d).
The number of independent parameters defining the d 2 × d 2 matrix with such properties is equal to
Standard representation Probability representation for SIC-POVM {Πi/d}
T is the real probability vector with nonnegative elements Trρ = 1, ρ ≥ 0. 
, where
(U(t) is unitary and pseudo-bistochastic). Markovian master equation governed by the GKSL generatorρ
Quantum channel defined by Kraus operators {Ai}
(S is pseudo-stochastic). Table I . Correspondence between standard and SIC-POVM probability representations.
Meanwhile, the physical properties of the Hamiltonian is defined with N H = d 2 −1 parameters (the term −1 comes from the fact that the Hamiltonian is defined up to a term proportional to the identity matrix). One can see that N H > N H for d > 2, so there should be some additional constraints on H on the top of the listed properties.
In order to study these constraints we introduce a set
j=1 of orthogonal traceless Hermitian matrices in L(H) (e.g. Pauli matrices for d = 2):
Then the Hamiltonian can be written as follows: 
We see that the parameter λ 0 does not participate in defining H.
It turns out that the matrices from the set {H
are orthogonal to each other:
Thus, the set {H (i) } forms a basis of the (d 2 − 1)-dimensional linear subspace of real antisymmetric matrices in the space of all antisymmetric matrices corresponding to physical processes.
We can also introduce a projector G on this subspace, which acts on arbitrary real d 2 × d 2 matrix M as follows:
Therefore, for a matrix H corresponding to a physical Hamiltonian we have the following relation:
This is a crucial relation for the representation of the SIC-POVM probability vector dynamics.
B. Representation of unitary operators
If the matrix H does not depend on t (the Hamiltonian H does not depend on time t), then the solution of the basic dynamics equation for the SIC-POVM probability vector Eq. (43) is as follows:
where p in is a SIC-POVM probability vector at t = 0.
At the same time, we know that the solution for ρ via standard evolution operator is given by:
where ρ in is initial density matrix (corresponded to p in ). Then we can obtain
It easy to see that u is d 2 × d 2 bistochastic matrix:
Finally, we arrive at the following expression:
where I is the d 2 × d 2 matrix with all elements equal to unity (i.e. I ij = 1).
We can highlight the following basic properties of the operator U(t).
U(t) is pseudo-bistochastic:
and some its elements of may be negative.
U(t) is orthogonal:
We note that according to these two properties an action of U(t) preserves both l 1 and l 2 norms. Finally, the generalization on time-dependent Hamiltonians can be provided in a straightforward way. In this case of t > 0, the evolution operator is given by
where T is the standard time-ordering operator. It is easy to see that the mentioned properties for U(t) remain true in this case. We present an example for the construction of H and U(t) in Appendix C.
C. Stochastic representation of dissipative evolution
Consider now the Markovian master equatioṅ
governed by the Gorini-Kossakowski-SudarshanLindblad (GKSL) generator [39, 40] 
where H is Hamiltonian and V k are so called noise operators. By fixing an orthonormal basis |i in H, one defines the following matrix
where P i = |i i|. The matrix K ij defines a Kolmogorov generator [42] as follows:
Let us then define the stochastic representation of Eq. (68) using SIC-POMV. Eq. (68) gives rise to the following equation for the probability vector p:
where the d 2 × d 2 matrix L is defined as follows:
The matrix L ij satisfies the condition
however, condition L ij ≥ 0 for i = j needs not be satisfied. We may call L ij a pseudo-Kolmogorov generator. Finally, defining the vectorization of L
one finds the following representation for the pseudoKolmogorov generator:
The solution of the master equation (73) takes the form
where the pseudo-stochastic matrix S is given by
for time-independent generator L and
if there is time dependence in the generator.
IV. EXPERIMENTAL RECONSTRUCTION OF PSEUDO-STOCHASTIC MAPS: IMPROVING FIDELITY
At first sight, the results on the representation of quantum processes with the use of pseudo-stochastic matrices seem to be far from practical applications. However, as we demonstrate below one can use this way of characterizing quantum processes in order to analyze an action, for example, quantum gates in existing noisy intermediatescale quantum devices. Here we apply the obtained results for the representation of single-qubit quantum gates of the IBM QX4 cloud-based superconducting quantum processor. Furthermore, we demonstrate how these results allow improving fidelities during experimental characterization of unknown quantum processes.
For a defining a single-qubit SIC-POVM consider a set of standard Pauli matrices:
The SIC-POVM projectors
can be obtained as vertices of a tetrahedron inscribed in the Bloch sphere (see Fig. 2 ):
In order to perform the SIC-POVM measurement we design a circuit presented in Fig. 3 : It easy to check that there is one-to-one correspondence between four possible outcomes of the final two-qubit projective measurement in the computational basis ab = 00, 01, 10, 11 and SIC-POVM effects Π 1 /2, Π 2 /2, Π 3 /2, Π 4 /2. We note that the first qubit in the measurement circuit, which is presented in Fig. 3 , have to be always initialized in the pure state
which is also depicted in Fig. 2 . In our experiment, we consider a tomographic reconstruction of the following single-qubit unitary operation:
also known as S gate. Its corresponding pseudobistochastic matrix is as follows: 
In order to perform the tomography protocol, we apply U to a set of four input states
(the same that is used for SIC-POVM construction) and then measure the resulting states with the designed SIC-POVM measurement. For each input state |ψ i , we run the experiment N = 1024 times, and calculate the output 4-dimensional probability vectors p out,i as frequencies of obtaining corresponding outcomes in SIC-POVM measurement. Then by employing known input probability vectors {p
with elements given by Figure 4 . Experimentally reconstructed pseudo-stochastic matrices. In (a) the initially reconstructed pseudo-stochastic matrix for the unitary operator (85) is shown. In (b) the reconstructed pseudo-stochastic matrix for the measurement noises (decoherence channel before the ideal SIC-POVM measurement) is presented. In (c) we show the reconstructed pseudostochastic matrix for the unitary operator (85) after removing the measurement noises. In (d) the result a projection on the space of unitary pseudo-stochastic matrices is shown.
we obtain a complete system of 12 linear equations on the elements for reconstructing pseudo-stochastic matrix S rec from general matrix equations
We remind that
independent elements due to the normalization requirement for each column.
The resulting pseudo-stochastic matrix S rec , obtained by solving the equation system, is depicted in Fig. 4(a) . We note that the statistical error for each of the components of the reconstructed matrix S rec can be estimated at the level of N −1/2 ≈ 0.031 (we refer reader to the Appendix D for the details).
In order to estimate the general accuracy of the reconstruction, we calculate the corresponding Choi matrix by using Eq. (37) and calculate the fidelity with respect to the theoretical Choi state of the unitary operator U :
The resulting fidelity value is F raw = 0.847. The moderate level of the resulting fidelity of the reconstructed single-qubit gate can be explained by influence of noise appeared due to employing two-qubit CNOT operation is the SIC-POVM measurement circuit. In order to improve tomography results by taking measurement imperfections into account, we model a noisy measurement as a sequence of action of decoherence channel and ideal SIC-POVM measurement (see Fig. 5 ). This approach is related to the recent work [41] , where a similar method was applied in the process tomography with standard projective measurements. The action of the decoherence channel can be described with pseudo-stochastic matrix D which can be obtained with the tomography of the identity channel.
We perform the reconstruction of D by using the same approach as in the reconstruction of S rec with the only difference that we did not apply U to the input states. The reconstruction results for the matrix D are presented in Fig. 4(b) . We note that in the absence of noises D have to be an identity matrix. The fidelity with respect to the theoretical Choi state of the identical channel
is equal to F dec = 0.892. We then improve this estimation of the reconstructing process by removing measurement noises:
The obtained pseudo-stochastic matrix is presented in Fig. 4(c) . Its fidelity increased to a value of F impr = 0.938. We note that the same removing of the measurement noise influence can be performed with a common formalism of Choi matrices. However, in the case of standard representation this kind of noise removing takes a more complicated form compared with straightforward inverse matrix multiplication.
As the final step, we perform a projection of S impr rec on the space of unitary operators. For this purpose we calculate H rec := ln S impr rec , and then make its projection on 'physical' subspace: H proj rec := G(H rec ) using the projector operator given in Eq. (57). Then we reconstructed a unitary pseudo-stochastic matrix in the straightforward way
The resulted matrix is presented in Fig. 4(d) . Its fidelity is equal to F fin = 0.978. The corresponding standard unitary evolution operator, which is fitted to have the same determinant as the original U , turns out to have the following form: 
One can see that the fidelity has been risen from 0.847 first up to 0.938 and, finally, to 0.978. Thus, by performing this experiment, we not only can reveal the pseudostochastic nature of quantum processes when quantum states are described by SIC-POVM probabilities, but also improve the fidelity of quantum process during experiments. Consequently, the considered way of the experimental characterization of the unknown quantum process forms a link between the obtained results on the representation of quantum channels using pseudo-stochastic maps and important practical tasks of improving the accuracy of the reconstruction of quantum states and channels in existing noisy intermediate-scale quantum devices.
V. CONCLUSION
In this work, we have presented a probability representation of quantum dynamics for finite-dimensional quantum systems using pseudo-stochastic maps acting on true probability distributions. We have derived an equation of a SIC-POVM probability vector evolution corresponding to the von Neumann equation and dissipative evolution governed by Markovian master equation. We have demonstrated that for a d-dimensional quantum systems this kind of dynamics is described by a first-order matrix ordinary differential equation defined by d 2 × d 2 -dimensional real-value antisymmetric matrix, which has a one-to-one correspondence with the system Hamiltonian. We have also demonstrated that there is a special linear subspace in the space of real antisymmetric matrices which corresponds to matrices describing quantum dynamics. Next, we have shown that the solution of the obtained dynamics equation is described by unitary pseudo-bistochastic operators preserving both l 1 and l 2 norms. Although this result seems quite far from practice, we have demonstrated that such a description of quantum processes can be used in the quantum tomography protocols for improving their accuracy. For this purpose, we have considered a reconstruction a pseudostochastic matrix of the decoherence channel simulated by the IBM quantum processor. We also have demonstrated how SIC-POVM measurements allow one to reduce the effect of noise in data on tomographic measurements of quantum states and processes. Here we provide a correspondence between the considered SIC-POVM probability representation and the alternative probability representation based projective MUB measurements in the case two-level systems, which was extensively studied in Ref. [22] [23] [24] . In this representation an arbitrary quantum state ρ is characterized with a 3-dimensional vector
where p 1 := +|ρ|+ , p 2 := R|ρ|R , p 3 := 0|ρ|0
One can see that the probabilities { p i } 3 i=1 define projections on x-, y-and z-axes of the Bloch sphere. We note that all three components of p are independent.
In order to obtain the relation between the vector p and the SIC-POVM vector p we can employ the Eq. (18) and Eq. 
where we use the qubit SIC-POVM based on the projectors set (83). In order to obtain the opposite relation we note that p 4 = 1 − p 1 − p 2 − p 3 . Then one can verify the following we considered a set of equations In order to write down a set of linear equations on the components of S in a standard form, we can represent S as follows:
where s (i) are 4-dimensional column vectors. We note that due to normalization condition on the columns of S we have s 
where N = 1024 is number measurements performed for each input state. Then the resulting statistical error for components of S can be estimated as
